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Abstract 



The Cayley-Dickson loop Q„ is the multiplicative closure of basic elements of the algebra 
constructed by n applications of the Cayley-Dickson doubling process (the first few examples 
of such algebras are real numbers, complex numbers, quaternions, octonions, sedenions). We 
establish that the inner mapping group Inn{Qn) is an elementary abelian 2-group of order 
2^ and describe the multiplication group Mlt{Qn) as a semidirect product of Inn{Qn) x 
Z2 and an elementary abelian 2-group of order 2". We prove that one-sided inner mapping 
groups Inni{Qn) and InririQn) are equal, elementary abelian 2-groups of order 2^ We 
establish that one-sided multiplication groups Mlti{Qn) and Mltr{Qn) are isomorphic, and 
show that Mlti{Qn) is a semidirect product of Inni(Qn) x Z2 and an elementary abelian 2- 
group of order 2". 

1 Introduction 

1.1 Cayley-Dickson loops 

The Cayley-Dickson doubling process produces a sequence of power-associative algebras over a 
field F (see [E]). Let Aq - F with conjugation a* - a for all a € F. Let A„+i = {(a, 6) | a, 6 e An} 
for n e N, where multiplication, addition, and conjugation are defined as follows: 



The dimension of A„ over i*" is 2" . 

We consider multiplicative structures that arise from the Cayley-Dickson process. A loop is 
a nonempty set Q with a binary operation such that there is a neutral element 1 e Q satisfying 
1 ■ X - X ■ 1 - X for all X e Q, and for every a,b € Q there is a unique x and a unique y satisfying 
X ■ a - b, a - y - b. Define Cayley-Dickson loops {Qn, ■) over F inductively as follows: 



* ykirshte@du.edu. Department of Mathematics, University of Denver, 2360 South Gaylord street, Denver, CO 
80208, USA 

2010 Mathematics Subject Classification: 20N05, 17D99 

Keywords: Cayley-Dickson doubling process, Cayley-Dickson loop, multiplication group, inner mapping group, 
octonion, sedenion 



(a,6)(c,d) 
(0,5) + (c,(i) 
{a,by 




Qo = {1,-1}, Qn = {(x,0),(x,l) I X e Qn-l} 
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and conjugation 



with multiplication 

(x,0)(y,0) = (xy,0), 

(x,0)(y,l) = 

(x,l)(y,0) = 

(x,l)(y,l) = {-y*x,0), 

{x,Oy = (x^0), 

Note that the Cayley-Dickson loops are independent of the underlying field F of characteristic 
not two. The reader can assume F - M without loss of generality from now on. The first few Cayley- 
Dickson loops are the real group M2 (abelian); the complex group C4 (abelian); the quaternion group 
IHIg (not abelian); the octonion loop Oig (Moufang); the sedenion loop S32 (not Moufang); the loop 
T64. Note that the Cayley-Dickson loops are not associative after dimension 8. The study of basic 
elements provides information about the underlying algebra, and is of interest, for example, in Lie 
theory, graph theory, quantum physics, functional analysis (see [I], [TT]). 

The order of Qn is 2*^^^. The loop Qn embeds into Qn+i by x 1-^ {x,0), so that 

Qn = {ix,0) \ (x,0) eQ„+i}. 
All elements of Qn have norm one. Denote the opposite of an element (xi, X2, X3, . . . , Xn+i) by 

-{xi,X2,X3, . . .,Xn+l) = (-Xi,X2,X3, . . . ,X„+i). 

The elements 1q„,-1q„ e Qn are 

We call 1q„ by 1, and -Ig,, by -1. One can see that 1 and -1 commute and associate with every 
element of Qn- We denote the loop generated by elements xi, . . . ,x„ of a loop L by (xi, . . . ,x„). 
Let in be the element (1q„_i,1) = (1, 0, . . . , 0, 1) of Qn- Such element in satisfies Qn - Qn-i u 

(Qn-iin) - {Qn-i,in)- Thus Qn - {ii, 12, - - - , in) - We Call ii,Z2,...,in the canonical generators 
of Qn- Any x e Qn can be written as 

71 

For example, 

Qo = K2 = {1,-1}, 

Qi = C4 = ±{(l,0),(l,l)} = (n) = {l,-l,ii,-ii}, 

Q2 = = ±{(1,0,0), (1,1,0), (1,0,1), (1,1,1)} = (ii,i2) = ±{l,n,i2,ni2}, 

Qs = Oi6 = (^1,^2,^3) = ±{l,n,^2,il«2,i3,ni3,^2«3,il^2«3}, 
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We use 

C = In 

for the unit added in the last step of the process. Let us recall some basic properties of the 
Cayley-Dickson loops, for more details see [9j. 

Proposition 1. Let Qn be a Cayley-Dickson loop, and x,y € Q„. The following hold: 

1. the conjugate x* - -x for x t ±1, 1* = 1, (-1)* = -1; 

2. the inverse x^^ - x* ; 

3. the order \x\ - 4 for x t ±1, |1| = 1, |-1| = 2; 

4- the loop Qn is Hamiltonian (every subloop S is normal in Qn, i.e., xS - Sx, {xS)y - x{Sy), 
x{yS) = {xy)S). 

A loop Q is diassociative if every pair of elements of Q generates a group in Q. A loop Q 
is the inverse property loop if there exist bijections X ■ x i-^ x'^ and p : x ^ x^ on Q such that 
x^{xy) = y and {yx)x^ - y for every y ^ Q. If Q is an inverse property loop, then it satisfies the 
anti-automorphic inverse property (xy)^^ - y^^x^^ for every x,y & Q. One can see that diassociative 
loops are also inverse property loops. 

Theorem 2. 141 Cayley-Dickson loop Qn is diassociative. Any pair of elements of Qn generate a 
subgroup of the quaternion group. In particular, a pair x,y generates a real group when x - ±1 and 
y = ±1; a complex group when either x = ±1, or y - ±1 (but not both), or x - ±y ±1; a quaternion 
group otherwise. 

For a loop Q and x,y,z€Q define the commutator [x,y] by xy - (yx)[x,y] and the associator 
[x, y, z]hy xy - z - (x- yz)[x, y, z]. The center of a loop Q, denoted by Z{Q), is the set of elements 
that commute and associate with every element of Q, more precisely, Z{Q) - {a ^ Q \ ax - xa, a-xy - 
ax ■ y,xa ■ y - X ■ ay, xy ■ a - x ■ ya, Vx, y € Q}. 

Lemma 3. Let Qn be a Cayley-Dickson loop, and x,y,z € Qn. The following hold: 

1. the commutator [x,y] e {1,-1}, in particular, [x,y] - -1 when {x,y) = Ms, and [x,y] - 1 
when (x, y) < IHIg; 

2. the associator [x,y,z] e {1,-1}, in particular, [x,y,z] - 1 when {x,y,z) < Hg, and [x,y,z] - 
-1 when {x,y,z) = OiQ; 

3. the center Z{Qn) - {1,-1} when n>2, and Z{Qn) - Qn when n < 2. 
Theorem 4. If Qn is a Cayley-Dickson loop, then (5„/{l,-l} = (Z2)". 
Lemma 5. Let S be a subloop of Qn. The following hold: 

1. the center Z{Qn) < S for any S < Qn,S t {1},"^ > 2; 

2. If X e Qn\S, then \{S, x)\ - 2 |5| when S t {1}, and {S, x) - {1, -1, x, -x} when S - {1}; 

3. any n elements of a Cayley-Dickson loop generate a subloop of order 2^ , k < n + 1; 
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4- the order of S is 2™ for some m< n. 

It follows from Lemma [s] that \{x,y,z)\ < 16 for x,y,z € Q„. Subloops of size 16 of the sedenion 
loop §32 are either isomorphic to the octonion loop Oig, or the quasioctonion loop Oie (see [3J). In 
fact, a stronger statement holds. 

Lemma 6. Let Qn be a Cayley-Dickson loop. Ifx,y,z are elements of Qn such that = 16, 

then either 

{x,y,z) ^ Oi6 or {x,y,z) ^ Oiq. 

Any subloop of size 16 of Qn containing the element e is isomorphic to the octonion loop Oie- 

Lemma 7. Let Qn be a Cayley-Dickson loop. If x and y are elements of Qn such that e i {x,y) = 
B.8, then {x,y,e) = Oie- 

Finally, for a nonassociative loop Q„ the automorphism group Aut{Qn) is a direct product of 
(Z2)""^ and Aut{OiQ) (it was established in [TO] that Aut{OiQ) has size 1344 and is an extension of 
the elementary abelian group (^2)^ by the simple group of symmetries of the Fano plane PSL2{7)). 

Theorem 8. Let Qn be a Cayley-Dickson loop and let n > 3. Then Ant {Qn) = Aut{OiQ) x (^2)""^. 
The order of Aut{Qn) is therefore 1344 ■2""^. 

1.2 Inner mapping groups and multiplication groups 

Let us recall some basic facts about inner mapping groups and multiplication groups, notions that 
are of significant interest and importance in loop theory. Let Q be a loop and x,a e Q. Mappings 
Lx{a) - xa and Rx{ci) - clx are called left and right translations, these mappings are permutations 
on Q. Define the following subgroups of Sym{Q): 

the multiplication group of Q, Mlt{Q) = (L^., i?^. | x e Q) , 

the inner mapping group of Q, Inn{Q) - Mlt{Q)i = {/ e Mlt{Q) \ /(I) = 1}, 

the left multiplication group of Q, Mlti(Q) - {Lx \ x € Q) , 

the left inner mapping group of Q, Inni{Q) - Mlti{Q)i = {/ e Mlti(Q) \ /(I) = 1}, 
the right multiplication group of Q, Mltr{Q) - {Rx \ x € Q) , 

the right inner mapping group of Q, Innr{Q) - Mltr{Q)i - {f ^ Mltr{Q) \ /(I) = 1}. 

Let Rq - {Rx I X 6 Q}. Then Rq is a left transversal to Inn(Q) in Mlt{Q), and also a right 
transversal to Inn(Q) in Mlt(Q). That is, for every / e Mlt{Q) there is a unique x € Q and 
a unique y ^ Q such that / e RxInn{Q), f e Inn{Q)Ry. An analogous statement is true for 
Lq = {Lx \x€Q}. 

Define the middle, left and right inner mappings on Q hy Tx - L^^Rx, Lx^y - Lyl.LyLx, and 
Rx,y - Rxl^y^x- Note that the inner mapping Tx plays the role of conjugation, and the mappings 

Lx,yi Rx 

measure deviations from associativity, just as Tx measures deviations from commutativity. 
In an inverse property loop we have R'^^ - Rx-^ and L^"^ - L^-i. 

Theorem 9. JW] Let Q be a loop. Then 

Inn{Q) = {Lx,y,Rx ,y ) L^x \x,y ^Q) , 
InniiQ) = {Lx ,y\x,y ^Q) , 
InUriQ) = {Rx,y\ x,y € Q) . 
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Lemma 10. Let Q be a finite loop. Then \Mlt{Q)\ = \Q\\Inn{Q)\, \Mlti{Q)\ = \Q\\ Inni{Q)\, and 
\MltriQ)\ = \Q\\InnriQ)\. 

Lemma 11. Let G be a group. If G is abelian, then Mlt{G) = G and Inn{G) = {1}. If G is not 
abelian, then Mlt{G) = (G x G)/{{g,g) \ g e Z{G)} and Inn{G) = G/Z{G). 



1.3 Overview 



For a Cayley-Dickson loop Qn we study inner mapping groups Inn{Qn) and multiplication groups 
Mlt{Qn). This work is organized as follows. In Section [2] we establish that elements of Mlt{Qn) 
are even permutations and have order 1,2 or 4. We prove that Inn{Qn) is an elementary abelian 
2-group of order 2^ moreover, every / e Inn{Qn) is a product of disjoint transpositions of the 
form (x,-x). This implies that nonassociative Cayley-Dickson loops are not automorphic. We 
begin Section [3] by proving a number of lemmas that allow to construct an elementary abelian 
2-group K based on left translations by the canonical generators of Qn- We then show that the 
direct product of Inn(Qn) and a cyclic group Z2 is a normal subgroup of Mlt{Qn), and that 
Mlt{Qn) is a semidirect product of Inn{Qn) x '^2 and K. In Section |4] we prove that the groups 
Inni{Qn) and Innr{Qn) are equal, elementary abelian 2-groups of order 2^ and establish 

that the groups Mlti{Qn) and Mltr{Qn) are isomorphic. We conclude with Section [5] showing that 
Mlti{Qn) is a semidirect product of Inni(Qn) xl'2 and K. We used GAP system for computational 
discrete algebra [5], specifically the LOOPS package p^, to perform numerical experiments and 
verify conjectures, however, the final results do not rely on computational proofs. 



2 Inner Mapping Groups 

In this section we discuss inner mapping groups and begin to study multiplication groups of the 
Cayley-Dickson loops Qn- When n < 2, the loop Qn is a group, and the structure of Mlt{Qn) 
and Inn(Qn) is known (see Lemma 11). We therefore focus on nonassociative Cayley-Dickson 
loops Qn, n > 3. 

Lemma 12. Let Qn be a Cayley-Dickson loop. Elements of Mlt{Qn) are even permutations. 

Proof. Consider L^. If \x\ - 1 then L^ - id. If |x| = 2 then LxLx{y) - xxy - y for every y, so Lx is 
a product of |(5n|/2 = 2" transpositions (of the form {y,xy)), and since 2" is even, Lx is even. If 
= 4 then Lx is a product of 2""^ 4-cycles (of the form (y, xy, xxy, xxxy)), and since 2"""^ is even, 
Lx is even. Similarly for right translations. Hence Mlt(Qn) is generated by even permutations, 
and it therefore consists of even permutations. □ 

If {x, y, z) < Mg, then (x, y, z) is a group and [y, x, z] - [z, x,y] - 1. If \{x, y,z)\ - 16, then 

{x,y,z) = ±{l,x,y,xy,z,xz,yz,{xy)z}, 

where all elements are distinct. This implies that z i ±{1, xy}, x i ±{l,y}, x i ±{1, zy}, y i ±{1, z}, 
and by Lemma [3] 

[xy, z] = [x, y] = [x, zy] = [y, z] = -1. (1) 
Lemma 13. Let x,y,z be elements of a Cayley-Dickson loop Qn, then 

[x,y,z] = [z,y,x]. 
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Proof. We have 

xy-z = [xy,z]z-xy ^[xy,z][x,y]z-yx ^[xy,z][x,y][z,y,x]zy-x 

= [xy, z] [x, y] [z, y, x] [x, zy]x ■ zy = [xy, z] [x, y] [z, y, x] [x, zy] [y, z]x ■ yz 

= [xy,z][x,y][z,y,x][x,zy][y,z][x,y,z]xy-z. 

If {x,y,z) is a group then we are done, else [xt/jz] = [x,y] - [x,zy] - [y,z] - -1 hy ^ and we are 
done again. □ 

Lemma 14. Let Qn be a Cayley-Dickson loop, and let x,y t ±1, x ±y be elements of Qn- Then 

Tx ^ n {z,-z), 

l,x+zeQnl{±l} 

TyT, = ix,-x)iy,-y). (2) 

l,x,e,xe+z£Qn/ {±1} 

Ly,eLx,e = {x , -x){y , -y){xe, -xe){ye, -ye) , for x,y t ±e. (3) 

Proof. Consider T^, Rx,y, L^^y acting on z e Qn- Using diassociativity, 

Tx{z) - x^^{zx) - [x,z]x^^{xz) - [x,z]{x^^x)z = [x,z]z, (4) 

Lx,y{z) = {yxy^{y{xz)) ^[y,x,z]{yxy^{{yx)z) (5) 

= [y,x,z]{{yxy^{yx))z ^[y,x,z]z, 

Rx,y{z) = {{zx)y){xyy^ ^[z,x,y]{z{xy)){xyy'^ (6) 

= [z,x,y]z{{xy){xyy^) ^[z,x,y]z. 

Let x,y * ±1, X t ±y. If z e ±{l,a;}, then {x,z) = (x) = C4, and = 1. Otherwise, {x,z) = Hg, 

and [x,z] = -1. Using Q, 

I z, if 2: 6 ±{1, x}, 



ra;(z) = [x,z]z = 



-z otherwise. 



Similarly, if z e ±{x,y}, then [y, z][x,2;] = -1. Otherwise, if z ^ ±1, then {x,z) = {y,z) = IHIg, and 
[y, z] - [x, z] - -1, if z = ±1, then (x, z) = {y, z) = C4, and [y, z] - [x, z] - 1. We get 



TyT^{z) = [y,z][x,2;]z 



-z, ifze±{x,y}, 
z otherwise. 



Let X, y ^ ±e. If z e ±{1, x, e, xe}, then (e, x, z) = (e, x) = Big, and [e, x, z] = 1. Otherwise, (e, x, z) 
O16 by Lemma[7| and [e,x,z] = -1. Using ([s]). 



L^,e(z) = [e,x,z]z 

Similarly, 



I z, if z € ±{1, X, e, xe}, 
-z otherwise. 



r r ^ \ r ir 1 r"^' if ^ ^ ±{^'y'^e,ye}, 
Ly,eL^,e(z) = [e,y,zj[e,x,zjz = . □ 

z otherwise. 
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Corollary 15. Let Qn be a Cayley-Dickson loop. Then 

Lx,y = Rx,y for all x,y € Qn. 



Proof. Let x,y,z € Q^. By Lemma 13 



[y,x,z] = [z,x,y], 
Lx,y - Rx,y follows from ([5]), Q in Lemma 
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□ 



Theorem 16. Let Qn be a Cayley-Dickson loop, n > 1. Then Inn(Qn) is an elementary abelian 
2-group of order 2^ Moreover, every f e Lnn{Qn) is a product of disjoint transpositions of the 
form (x, -x). 

Proof. Recall that Z{Qn) - {1,-1}. Inner mappings fix Z{Qn) pointwise, therefore 

/(l)==l,/(-l) = -l. 

Let X e Qra,x ^ ±1. Then |x| = 4 and S - (x) = {l,x,-l,-x}. We know that Qn is Hamiltonian, 
therefore S < Qn- Inner mappings fix normal subloops, thus f{S) - S, and it follows that either 
/(x) = X, /(-x) = -X, or /(x) = -X, /(-x) = X. Hence every / has the desired form. In particular, 
I/I = 2. A group of exponent 2 is an elementary abelian 2-group. 

Let e = in be a canonical generator of Q„, let x e Qn, x i ±{l,e}. Then T^Tg = (x,-x)(e,-e) by 
For every / e Lnn(Qn), there is f - TxTgf e Inn(Qn) such that 



Lemma 
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-f{z), when z e ±{x, e}, 
f{z), otherwise. 



Also, the values of /(e), /(-e) are uniquely determined by the values of f{z), z t ±e, since / should 
remain an even permutation by Lemma [12] (see Figure [T]) . 



2"-2 



ELEMENTS 



1 



X 



[D ED 



X 



-X 



I EVEN I 

XPERMUTATIOm 

\-Xorx\ \eoR-e\ 



It follows that 



Figure 1: Inner mapping group of Qr, 



|/nn(Q„)| = 2l«"l/2-2.22"-2. 



□ 



Lemma 17. Let f e Mlt{Qn), then \ f\ e {1, 2,4}. Ln particular, f is a product of disjoint 2-cycles 
and A-cycles. 
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Proof. Denote by -1 the translation L_i = e Mlt{Qn)- Let / e Mlt{Qn)- Let x e (5„ be such 
that /(I) = X. Then there is /i e Inn(Qn) such that / = -La/i. If x = 1 then / e Inn{Qn), and 
we are done. If x = -1 then / = -h, = - h'^ - 1, and we are also done. Assume 

that X ^ ±1. We know that / e LxInn{Qn)- There is y e Qn such that / e Inn(Qn)Ly, we 
want to determine y. Let / = L^^/i = kLy for some h,k € Inn(Qn). Since x ^ ±1, we have 
y ^ ±1. Then f{-y) = kLy{-y) - k{l) - 1 and f{-y) - Lxh{-y) - x{±y) (since h{-y) is either 
y or -y), so we conclude y - x or y - -x. In the former case, we have / = L^h - kL^, and so 
= kLxLxh = k{-l)h = -kh, which has order at most two, so - 1. In the latter case, we have 
/ = Lxh - kL^x, and so = kL^xLxh - kh, which has order at most two, so = 1. □ 

A loop Q is automorphic if Inn(Q) < Aut{Q). Automorphic loops were introduced by Bruck 
and Paige [2] and received attention in the recent years, with foundational papers [6], [7]. 

Corollary 18. Nonassociative Cayley-Dickson loops are not automorphic. 

Proof. Let Qn be a Cayley-Dickson loop. For n < 2, Qn is a group and hence is automorphic. Note 
that |/nn(Q„)| = 2^"-"^ > 1344 ■ 2"'^ = \Aut{Qn)\ for n > 3 (see Theorem [8|. Let n = 3, and let 
^1,42, ^3 be canonical generators of Qn- If Inn(Qn) r\ Aut(Qn) - id, we are done. Otherwise, let 
/ e Inn(Qn) n Aut(Qn) be a nontrivial mapping defined by 

f{ik)-fk, A: £{1,2,3}. 

For every x e Qn, x i ±{ii,i2,iz} , we know that x = nj=i^j^ (where ej e {0,1}), and since / is an 
automorphism, /(x) is uniquely defined by 

/(^)=/(n^?)-n/(i?)-n/;^ 

Let y i ±{ii,i2,i^,x}. Then by Q, / = TyTxf satisfies 

/ \ } " 

/(x) = -/(x), 

so / e Inn{Qn) but / i Aut{Qn). □ 

3 Multiplication Groups 

In this section we establish the structure of the multiplication group of Qn- We prove the auxiliary 



Lemmas 19 , 20 , 21 22 and use them in the construction of Lemma [23] and the proof of Theorem [2^ 



Lemma 19. Let G he a finite group, and let gi, §2, - ■ ■ , 9n be elements of G of order 2 such that 
{gi,g2,---,gn)- Then 

\9j9k\ = 2 iff gjgk = 9k9j, j,k^ {l,...,n},j t k, 
and if either holds for all j, k, then G is an elementary ahelian 2-group. 
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Proof. Suppose \gjgk\ = 2, then {gjgk){9k9j) = 9j9l9j ^ 9j ^ ^ {9j9k){9j9k), and hence gkgj = gjgk- 
If 9k9j = S'iS'fc, then (gjgk)'^ = i9j9k){9j9k) = i9j9k)i9k9j) = = = 1, and l^j^fc] = 2. If 

5fc5i = for all j,k e {1, . . . j ^ /c, it is straightforward to check that G is an elementary 
abelian 2-group. □ 

Lemma 20. Let Qn be a Cayley-Dickson loop, ij,ik among its canonical generators, and x e Qn- 
Let 



Pj,k{x) 


-- Li, h{x,i,x,i,x,i,(^,x)} 




— X ^ j X J X ^ 7/ j X^ k X ^ X j ^1 ^ ^ k X 5 Xj 


<lj,k{x) -- 


Tif^xTxP j ,k{,x) 1 


Mj^k,x,i - 


- {TijxTx,Tij(i^x)'Lij.x}, 




- {Tij(i^.x)Tx,Ti^xTijx}- 



Then \qj^k{x)\ - \tpkj{x)\ - \qj,k{x){tpkj{x))\ - 2, where t e Mj^k,x,s, and s e Z{Qn) satisfies 
ij{ikx) = s{ik{ijx)). 

Proof. We write down the corresponding permutations and check that they only contain involutions. 
Using Lemma [141 



qj,k{x) = Ti^xTxPj,k = {x,ijx){-x,-ijx){ikx,ij{ikx)){-ikx,-ij{ikx)), 
hence = 2. 

Let s be an element of Qn such that ij{ikx) - s{ik{ijx)). Note that s e Z{Qn) as a product of 
commutators and associators, therefore s 6 {1,-1}. 
If s = 1 and ij{ikx) - ik{ijx), then 

Pk,j{,x^ — (^x , ikX , —X , —ikX^i^ijX, ij(^ikX^ , —ijX , —iji^ikX^^ , 
Ti^xTxPk,j{x) = {x,ikx){-x,-ikx){ijX,ij{ikx)){~ijX,-ij{ikx)), 
Ti,(ikx)Tit,xPk,jix) = (x, -ikx){-x, ikx){ijx, -ij{ikx)){-ijx, ij{ikx)). 

In this case, 

qj^k{x) ■ {Ti^xTxPk,j{x)) = {x,ij{ikx)){-x,-ij{ikx)){ijX,ikx){-ijX,-ikx), 
Qj,k{x) ■ {Ti^^i^x)Tif,xPk,j{x)) = {x,-ij{ikx)){-x,ij{ikx)){ijX,-ikx){-ijX,ikx). 

One can see that \tpk,j{x)\ = \qj,k{x){tpkj{x))\ = 2, where t e {Ti^xTx,Ti^(i^^x)Tikx}- 
Similarly, if s = -1 and ij{ikx) - -ikiijx), then 

Pk,j(^x^ — (^x, ikX , —x, —ikX^ (^ijX , —iji^ikX^ , —ijX, iji^ikX^^ , 
Ti^{ikx)TxPk,j{x) = {x,ikx){-x,-ikx){ijX,ij{ikx)){-ijX,-ij{ikx)), 
'Likx'LijxPk,j(^x) — (x, — i/jx) (— X, ikX^ (^ijX , ~ij(^ikx) ) (— ijX, (ifcx) ) . 

In this case, 

Qj,k{x) ■ {Ti^(i^x)TxPk,j{x)) = {x,ij{ikx)){-x,-ij{ikx)){ijX,ikx){ijX,ikx), 
qj^kix) ■ {Ti^xTi,xPk,j{x)) = {x,-ij{ikx)){-x,ij{ikx)){ijX,-ikx){-ijX,ikx). 

Again, \tpkj{x)\ = \qj^k{x){tpk,j{x))\ = 2, where t e {Tj^. 

{ikx)'L^xj Ti^xTijx 
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We use the following property to prove Lemmas 21 and 22 



Lemma 21. Let Qn be a Cayley-Dickson loop, and let ii,i2, ■ ■ ■ ,in &e its canonical generators. 
Then ik{inx) = -in{ikx) for any x e (n,i2, • • • ,in-i), k<n. 

Proof. Let x e (ii, i2, • • • , in-i)- Then 

i'k{,inX^ ~ [i-k^ inj X^i^ikin^X — [ik, in\[ik: im X^{,inik^X 
~ [ifc 5 in] [ifc ) in; 2^] [^n; ifc; 2^]in(ifc2^) • 

Recall that {x,y,in) < Oig for any x,y e Qn, by Lemma [7j and {x,y,in) = Oie implies that 
[x,y,in] = -1- Also, [ifc,in] = -1 as {ik,in) = ^8- This leads to 



[ifc; in] [ifc ; in ) 3;] [in, ifc ) 3^] 



-1-1-1 = -1, if X e (iA;,i„) , 

-1 • (-1) • (-1) = -1, otherwise. 



We conclude that 



ifc(in2^) ~ in(ifc^)- 



□ 



Lemma 22. Let Qn be a Cayley-Dickson loop, and let ii,i2, ■ ■ ■ ,in be its canonical generators. For 
any x e (ii,i2, • • • ,in-i); j <n,k< n,j * k, if ij(ikx) = s{ik{ijx)), then ij{ik{xin)) = s{ik{ij{xin))) 
(where s e Z(Qn) ). 

Proof. Let x e (ii,i2, • • • ;in-i); and let s e Z{Qn) be such that ij{ikx) - s{ik{ijx)). Then 

^i(^fc('^^n)) ~ [ifc; ^; in]ij((ifc''^)^n) ~ [ifc; 3^; in] [ij ; ifc3^; in] (ij (ifc^) )in 

— [i^ , X, in] [ij ; ifc2^) in]'S( (ifc(ij3^) )in) 

— [ifc ; 3^, in] [ij ; ifc3^) in] [ifc; ij2^) in]'Sifc ( (ijr2;)in) 

— [ifc , X, in] [ij ; ifcX, in] [ifc; ijX, in] [ij ; x, in]'Sifc(ij (^in) ) • 

Recall that {x,y,in) < Oig for any x,y e Qn, by Lemma [7| and {x,y,in) = Oig implies that 
[x,y,in] = -1; which leads to 



[ifc , X, in] [ij , ifcX, in] [ifc; ijX, in] [ij ; X, in] 



fl.(-l).(-l).l.l, 
-l-(-l)-l-l = l, 
l.l.(-l).(-l).l, 
-l-l-l-(-l) = l, 



if X = ±1, 
if X = ±ij , 
if X = ±ifc, 
if X = ±ijik-i 



-1 • (-1) • (-1) • (-1) = 1 otherwise. 



We conclude that 



ij{ik{xin)) = s{ik{ij{xin))). 



□ 



In Lemma 23 we present a construction of the subgroup K of Mlt{Qn) which is used in The- 
orem 24 to establish that Mlt{Qn) = {Inn{Qn) x Z{Qn)) xi K. For every x e (5n/{l;-l}; we 



want K to contain the element kx such that A;a;(l) e x. This holds when K is generated by 
{Ljj. I ifc a canonical generator of Qn}- We also want K to be sufficiently small to allow (Inn(Qn) x 
Z(Qn)) r\ K - id. To achieve this, we should adjust the left translations Lj^. so that they gener- 
ate a group as small as needed. This is done by multiplying Lj^. by Tpk e Inn(Qn) such that 



10 



\ipkl-'i^\ - \Tj)jLi.\ - [(-i/ifcLj^.) • (-i/'jLjj.)! = 2 for all j,k < n,j t k. Consider a group IHIg, where left 
translations by canonical generators are 

Lii = (I,ii,-l,-^i)(i2,ii^2,-i2,-iii2), 

= (I,i2,-l,-«2)(n,i2n,-n,-«2n) = (I,i2,-l,-i2)(n,-ni2,-n,ni2)- 

For an inner mapping ipi e InniM^) such that IV'iijil = 2 we can either take Tjj, or Tj^jj (one can 
check that |TijLjJ = 4), 

Ti^Li-, = (i,-n)(-i,n)(«2,-n^2)(-«2,n«2), 
Ti^v^Li^ = (i,-^i)(-i,n)(^2,ii«2)(-«2,-n«2)- 



«2' 



Similarly, for an inner mapping ^2 ^ /nn(]Hl8) such that 1-02-^42 1 = 2 we can either take Tj^, or Tj^ 

Tj^Lij = (l,-i2)(-l,«2)(n,ii«2)(-n,-n«2), 

Ti^i^Li^ = (i,-'i2)(-i,«2)(n,-n^2)(-n,n«2)- 

For a pair of mappings tpi,'ip2 such that Ki/'iLj^) ■ (7/^2 ^42)1 = 2 we can either take ipi - Ti2,ip2 - Ti^i^, 
or -01 = Tj^ia , ^2 = Til ; 

(Ti^Li-^) ■ (Ti^i^Li^) = (i,ni2)(-i,-ni2)(n,'i2)(-n,-«2), 
{Ti^i^Li^) ■ {Ti^Li^) = (i,-ni2)(-i,ni2)(n,«2)(-n,-«2)- 

Without loss of generality, we choose il^i = rj2,'02 = Ti^i^, and K2 = (51,2, 52,2) = (JiaLj^ , TijigLij). 
The group X2 is not unique, and this particular choice allows to generalize the construction for 
higher dimensions. The group we present in Lemma 23 is based on this choice and suffices to 
establish the structure of Mlt{Qn)- Note that the structure of MltiM.^) is known (see Lemma 11), 
so the construction of K for Hg is only used as an initial step of the inductive construction for Qn- 
Next, consider Oie- We want to construct based on K2 by extending the generators of K2 
to form the elements of K^, and including one more generator based on Ljg. By Lemma |3| we have 

iiihh) = -(n^2)«3, 

■i2{kh) = -(«2n)«3 = (n«2)«3, 

h{iii2) = -{hi2)hi 

hence 

Lii = (1, -1, -n)(^2, ^l«2, -^2, -'jli2)(«3, "ilia, -^3, -n«3)(^2«3, -(n«2)«3, -^2^3, (il^2)i3), 
Li2 = (l,«2,-l,-«2)(«l,-«li2,-n,n^2)(«3,«2i3,-*3,-^2«3)(n«3,(«l«2)«3,^ 

U3 = (1, «3, -1, -i3)(n, -n^3, -h-,hh){i2-, -i2h, -^2, i2i3)(^i«2, -(n«2)«3, -hi'2-, {hi2)h)- 

For every cycle (rc, ikX, -x, -i^a;) we want V'fc to include either Tj, or Ti^x (but not both), so that the 
cycle becomes a product of two 2-cycles, either (x, ifcx)(-a;, -ij^x), or (x, -ifcx)(-x, i^x). Note that 
a product of an odd number of mappings Tx^Tx2Txz (where xi,X2,X3 e Oie) fixes ±{1, xi, X2, X3} 
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and moves all other elements (see Lemma |14[ ) . Taking ipi — T'j^T'jgT'jjjg, ^2 ~ -^iii2^*3-^*i«2*3' 

= (l,-ii)(-l,ii)(i2,-^i«2)(-i2,ni2) 



52,3 



51,352,3 



42 Ti3 Tiii2i3 -^'j2 

(l,-«2)(-l,i2)(n,-iii2)(-n,n^2) 

(^3,-«2«3)(-i3,«2«3)(n«3, (n«2)«3)(-n«3, -(ni2)«3), 

(l,n«2)(-l, -1112) {k, 12) {-k, -12) 

ih, -(ni2)«3)(-«3, (n«2)«3)(n«3, «2«3)(-n^3, -^2«3)- 



Again, this is one of several possible choices of (71,3, (72,3- Finally, we need to add a generator 33^3 
such that |g3,3| = 151,353,3! = |52,353,3| = 2, one can choose, for example, 



53,3 - 



which results in 



51,353,3 



52,353,3 



(l,-^3)(-l,«3)(n,-ni3)(-il,^li3) 

(^2,-^2«3)(-«2,«2i3)(ni2, (il^2)i3)(-n«2, -(«li2)«3), 



(l,iii3)(-l, -ki3){k,i3){-k,-i3) 

(Z2, -(n«2)«3)(-«2, (ni2)«3)(n«2, «2«3)(-«1^2, -^2«3), 
(1, «2«3)(-l, -i2i3)(«2, i3)(-«2, -^3) 

(n, -(ni2)«3)(-n, (ni2)«3)(n«2,n«3)(-n^2, -kh)- 



Below is the description of the construction for Qn- 

Lemma 23. Let ii,i2, • • • be canonical generators of a Cayley-Dickson loop Qn, and let K he 
the group constructed inductively as follows 

Sl,2 = {1,«2}, S2,2 = {l,n«2}, 

51,2 = ( n T^)Lh, 

52,2 = ( n Tx)Li2, 

a;es2,2 

K2 = (51,2,52,2), 
Sk,n - {x,inX\ X € Sk^n-l}j A; £ { 1, . . . , 77- — 1} , 

(n n I 

5fe,n = ( n n {x,-x))Li^, /i;e{l,...,n}, 

= Kn - {9l,n,92,n, ■ ■ ■ ,gn,n) ■ 



Then K is an elementary abelian 2-group of order 2". 
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Proof. We show by induction on n that generators of K have order 2. If n = 2, then 

51,2 = TiaT'i-^ii = (i,-n)(-i,n)(^2,-n«2)(-«2,n«2), 
52,2 = Ti^iiTiLi^ ^ {l,-i2){-l,i2){k,-hi2){-k,h'i'2) 

are of order 2. Suppose that generators gi,n-i, 92,n~i, ■ ■ ■ , 9n-i,n-i of Kn-i have order 2. Note 
that a product of an odd number of mappings T^^ ■ ■ ■Tx^„_-^_^ (where xi, . . . ,X2n-i_i e Qn) fixes 
±{l,xi, . . . ,X2n-i_i} and moves ah other elements (see Lemma 14). Left translation Li^ consists of 
4-cycles of the form 

In order to transform such cycle into two 2-cycIes, Lj^. is multiplied by either Tx, or Ti^^x- Then the 
cycle 

that appears in the next step of the inductive construction, is multiplied by either Ti^^x or Tj^fj^.^.), 
leading to either 

{inX,-ikiinx)){~inX,ik{inx)), or 

respectively. 

If X = 1, the 4-cycle that corresponds to (1, i^, -1, -ik) in the next step of the inductive construction 
is {ijiyik'i'n, ~in, -ik^n), which is multiplied by Tj^ and becomes (in, -ik'i"n){-'i"niikin) ■ It follows that 
Qk^n consists of 2-cycles and therefore \gk,ri\ - 2. 

Consider a generator gn^n added at the n-th step of the inductive construction. Left translation 
Li^ consists of cycles of the form 

(x, inX, ~X, — Z^x) 

where either x, or z„x (but not both) is a product of even number of units ik, for some k < n. In 
the former case, if x ±1, then multiplication of Lj^ by Tx transforms a cycle (x, i^x, -x, -inx) into 

(x, —inX^(—x, i^x), 

otherwise, multiplication of Lj^ by Ti^x transforms it into 

(x, Zj^,x)(~x, — i^x). 

Also, Lj,j is multiplied by Tx^,Xk * ±in, an odd number of times, mapping in to -in, and a cycle 
(1, in, -1, -Zn) becomes 

(l,-i„)(-l,i„). 

Generator gn^n consists of 2-cycles and therefore \gn\ - 2. 
Next, use induction on n to show that 

Iffj^nS-Ml = 2, for all j. A; e {1, ...,n},j^k. 

If n = 2, then 

51,252,2 = (l,ni2)(-l,-^li2)(n,'i2)(-n,-^2) 
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and 151,252,21 = 2. Suppose that \gj,n-i9k,n-i\ = 2 for any pair of generators gj,n-i, gk,n-i of Kn-i- 
Without loss of generahty, let j < k. Up to renaming x and ijx, the cycles 



are acted upon by Ti^xTx to construct 5j,„. Then, by Lemma 20, the cycles 
are acted upon by t e Mj^k,x,s, where t - TyTz for some y,z € Qn- The cycles 

Pj,k{,^in^ ~ {,xim (^^n) ) ~xini ""^j (^^n) ) (^A;(^^n ) ; ^jf ) ) i ~^fc (^^n) i ~i ji^ik{,xin)) ) 

added at the next step of the inductive construction are multiplied by T^^^^i^^-jTi^x- The cycles 

Pk,j{xin) - Li^ \±{xin,ij{xi„),ik{xin),ij{ik{xin))} 



20 



are multiplied by Tyi^T^i^ e ^ij,k,xin,s- By Lemma 22, ij{ik{xin)) - s{ik{ij{xin))), and therefore 
by Lemma [20j 

\{T(^ikx)irTxi^Pj,k{xin)) ■ {tpk^j{xin))\ = 2 for t € Mj^k,xin,s- 

It is left to show that \gj,ngn,n\ - 2, where j < n. Up to renaming x and ijx, the cycles 

Pj,k{x) - Li- \ ±{x,ijX,inX,ij{inx)}~ {x , ijX , —X , —ijx)(^inX , ij{inX) , —inX, —ij{inX)) 

are acted upon by Ti^xTx- By Lemma [2T| ij{inx) - -in{ijx), therefore by Lemma 

\{Tir,xTxPj,k{x)) ■ {tpn,j{x))\ = 2 where t e {T^ri^,(j„^),rj^a;Ti„a;}. 

If X is a product of even number of units i^, for some k < n, then ij(inx) is also a product of even 
number of units, so x,ij{inx) are in Sn,n, and TxT^.^^i^^) is a part of the construction of gn,n- If 
a: is a product of odd number of units, then ijX,inX are products of even number of units, and 
are included in Sfi^ni so TijxTi^x is 3> p^rt of the construction of Qn^n- 

In both cases this leads to 

\gj,ngn,n\ - 2. 

Summarizing, K satisfies the assumptions of Lemma 19 and is therefore an elementary abelian 
2-group. 

To determine the order of K, define a mapping (j) : Qnl{l, -1} ii' by 

4'i{ik,-ik}) ^ gk,n,ke {l,...,n}. 

Note that for any 



X = 



^iYl ^]^) ^ Qnli^, -1} ( where e {0, 1}), there is 



9 = n'^(^o-n^„, (7) 



such that 5(1) e x. We conclude that 



|K|>|Q„/{1,-1}| = %^ = 2". 
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Also, K is an elementary abelian 2-group with n generators, so 

\K\ < T. 

We conclude that the order of K is 2". 



(8) 
□ 



For any loop Q, Albert showed Z{Mlt{Q)) = {Lr, \ x € Z{Q)} ^ Z(Q). To improve legibility, we 
will identify Z{Mlt{Q)) with Z{Q) in what follows. 

In Theorem [24] we use the group A'' = {Inn{Qn), Z{Qn)) - Inn{Qn)Z{Qn) to establish the 
structure of Mlt(Qn)- Recall that elements of Inn{Qn) are all even products of 2-cycles 
(where 1 ^ x e Qn/jl,-!})- A group Inn{Qn) stabilizes 1, therefore Inn{Qn) Z(Qn) - 1. The 
index [N : Inn(g„)] = 2, therefore Inn{Qn) < N, and Z{Qn) < Mlt{Qn) implies Z{Qn) < N. It 
follows that N - Inn(Qn) x Z(Qn), and A^ = Inn(Qn) u (-lnn(Qn))- 
A basis for Inn{Qn) can be taken to be 

{T^Te = (x, -x)(e, -e) |1, e * x e g„/{l, -1} } . 

Elements of N are all even products of 2-cycles (x,-x), for x e (5n/{l,-l}- A mapping L-iTe - 
(1, -l)(e, -e) can be used to construct a basis for A^ (see Figure [2]), 

A^* = {L_iTe, T.Te |1, e * X € Q„/{1, -1} } . 



2"-2 ELEMENTS 



TirT] Uoi;-7i r^[^ i-xo;;xi |goi;-g| 



Figure 2: Group N - Inn{Qn) x ^(Qn) 

Theorem 24. Lef Qn &e a Cayley-Dickson loop, n>2. Then Mlt{Qn) = {Inn{Qn) x Z{Qn)) x K, 
where K is the group constructed in Lemma\23\ In particular, Mlt{Qn) = ((Z2)^ x Z2) x (Z2)"'. 



Proof. Let G = Mlt{Qn), N - Inn{Qn) x Z{Qn), and K be the group constructed in Lemma |23[ 
We want to show that G - N x K . 

1. Let a € N, g € G. There exist x e QmP e Inn(Qn) such that 5 = Consider gag~^ acting 
on 1, 

gag-\l) = (3LM(3L,)-\l) ^ l3L,aL-^ ^ (3 L^aL-\l) ^ ±13(1) ^ ±1. 

1 ±1 

This shows that gag^^ e Inn{Qn) u {-Inn{Qn)) - N, so N is normal in G. 

2. By 0, Q, a: contains a unique element such that g(l) e {1,-1}. Since is a group, 
g - id, thus N n K - id. 
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3. We established that N < G,K < and N r\ K ^ id. We have N xiK <G. Recall that 

[Mlt{Qn) ■■ Inn{Qn)] = \Qn\ , thus 
[Mlt{Qn) : (InniQn) X Z{Qn))] = [Mlt{Qn)-InniQn)]/2^2''^\K\, 

and {Inn{Qn) x Z{Qn)) x = Mlt{Qn) follows. □ 

We have shown that Mlt{Qn) is a semidirect product of two permutation groups N , K, both 
elementary abelian 2-groups. Recall that if A'^, K are groups and cf) : K Aut{N) is a homomor- 
phism, then the external semidirect product is defined on x if by 

{hi,ki) o {h2,k2) = (hi * 4>k^{h2),ki ■ k2), /ii,/i2 e N,ki,k2 e K. 

In an internal semidirect product G - N K , the action (p : K ^ Aut{N) is natural, that is, by 
conjugation (/'fci(/i2) = kih2ki^. 

Lemma 25. flj, p. 170] Let G,N,K be finite groups such that N < G, K < G, and G = N y^^K. 
Then K acts on N by conjugation. 

In [8] we construct an isomorphic copy of Mlt{Qn) as an external semidirect product of two 
abstract elementary abelian 2-groups. 

4 Left and Right Inner Mapping Groups 

In this section we discuss one-sided inner mapping groups of Cayley-Dickson loops. It is well known 
that Mlti{Q) = MltriQ) Inni{Q) = Innr{Q) in any inverse property loop Q. We give the 
proofs in Theorem |26| and Corollary |28| for completeness. 

Theorem 26. Let Q be an inverse property loop. Then Mlti(Q) = Mltr{Q). 

Proof. Define a partial mapping / : MltiiQ) MltriQ) by f{La) = Ra^. We want to extend this 
mapping to a homomorphism. Let S e Mlti(Q), then 

n 

S=YlLl\, ai€Q,ei€ {0,1}. 

To verify that a mapping 

n n 
i=l i=l 

is well-defined, we show that if 

n m 

then 

n m 

i=l j=l 

Let X € Q, then 

a^"(...4^(ar:E)) = bt {.. .bp {bp x)), and 

(a-(...a-(a-x))ri = {bt{.-.bpit^W- 
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Inverse property implies that (xy) - y x , thus 



4=1 



and 



We conclude that 



■ 1 



'i 



and the mapping / is well-defined. The mapping / is a homomorphism since it has an inverse 
g : MltriQ) ^ MltiiQ) defined by g{Ra) = L-\ □ 

Corollary 27. Lei Qn be a Cayley- Dicks on loop. Then Mlti(Qn) = Mltr{Qn)- 

Corollary 28. Let Q he an inverse property loop. Then Inni(Q) = Innr{Q). 

Proof. Note that / \inni{Q) is an isomorphism from Inni(Q) to Innj.{Q). If 



5 = Yl^l^^ Inni{Q), then 
5(1) = <"(...4^(a^,U)) = l. 

Taking the inverse, we have 

(a-(. . . al^ain)))-' = (((10^^)02^^) . = 1, 

thus 

n 

fiInniiQ))^YlR,^'€lnnriQ). □ 

In fact, a stronger statement holds for the Cayley-Dickson loops. As can be seen in the following 
Lemma, when Qn is a Cayley-Dickson loop, the left inner mapping groups Inni(Qn) are equal to 
the right inner mapping groups Innr{Qn)- 

Lemma 29. Let Qn be a Cayley-Dickson loop. Then Lnni(Qn) - LnUr^Qn), cind Inn(Qn) = 

{Tx ) -^x,y I ^) y ^ Qn) ■ 

Proof. For all x,y e Qnj we have L^^y - Rx,y by Corollary |15[ □ 



Lemma 30 serves a purpose similar to that of Lemma[7j providing information about associators. 
Lemmas 30 and 33 are used in the proof of Theorem [34) 



Lemma 30. Let Qn he a Cayley-Dickson loop, i^ its canonical generator, x e Qk, y e Qk^, n> A, 
and k < n. Then 



[ik,x,y] = [x,ik,y] 



1, when y € Qi^e\± {e,ike,xe,xike}, 
-1, otherwise. 



17 



Moreover, ifxi±{l,ik}, then 

{ik,x,y) 



he, 



when y e Qke\ ± {e, i^e, xe, xi^e}, 
otherwise. 



Proof. Since x ^ Qk and y e Qk^-, we get y i {ik,x). Consider the loop {ik,x,y). If x € ±{1,^^}, 
then {ik,x,y) ^ and [ik,x,y] = [x,ik,y] = 1. If x i ±{l,ik}, then {ik,x) = Ug and \{ik,x,y)\ = 16 
by Lemma [sj In this case, if y e ±{e, ZfcC, xe, xi^e}, then {ik,x, y) = ±{1, x, ik,xik, e, xe, ike, xike} = 
Oi6 and = [x,ik,y] - -1 by Lemmas [T] and [sj It remains to consider x e ± {l;^fc}, 

y e Qk^X ± {e, ifce, xe, xzfce}. We can write y - ze for some z e Q^, then 

(ifcx)(2:e) = [ikx,z,e]{{ikx)z)e^[ikx,z,e][ik,x,z]{ik{xz))e 
= [ikx, z, e][iA;, X, z][ik,xz, e]ik{{xz)e) 
= [ikX, z, e][zfc, X, z][ik,xz, e][x, z, e]ikix{ze)) 
= ik{x{ze)), 

{xik){ze) = [xik,z,e]{{xik)z)e^[xik,z,e][x,ik,z]{x{ikz))e 
= [xik, z, e] [x, ik, z] [x, ikZ, e]x{{ikz)e) 
= [xik,z,e][x,ik,z][x,ikz,e][ik,z,e]x{ik{ze)) = x{ik{ze)), 

since x,z € Qk, and 

[ikX,z,e] = [ik,x,z]^[ik,xz,e]^[x,z,e]^ -1, 
[xik,z,e] = [x,ik,z] = [x,ikz,e]^[ik,z,e]^-l 

by Lemmas [7] and |3j Thus 

[zfc,x,ze] = [ik,x,y]^l, 
[x,ik,ze] = [x,ifc,y] = l. 

If \{ik,x,y)\ - 16 and [ik,x,y] - 1, then {ik,x,y) = Oie by Lemmas [t] and |6| 
Lemma 31. /9/ If x,y,z e Qn-i, then in Qn we have 

[x,y][z,y,x], 
[x,z][y,x,z][y,z,x], 
[x,y][x,z][z,x,y][x,z,y], 
[y,z][x,y,z], 
[y,x][y,z][z,y,x], 
[z,x][z,y][y,x,z][y,z,x], 
[x, y][x, z][y, z][z, x, y][x, z, y]. 



(a) [(x 


,0) 


(y,o). 




1) 


(b) [(x 


,0) 




^2 


0) 


(c) [(x 


,0) 






1) 


(d) [(x 


,1) 


(y,o). 


'z 


0) 


(e) [(x 


,1) 


(y,o). 


'z 


1) 


[{x 


,1) 




'z 


0) 


(g) {{x 


,1) 




'z 


1) 



□ 
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Lemma 32. Let Qn be a Cayley-Dickson loop, and let x,y € such that x - {x,Xn), y - {y^Un), 
x,y ^Qn-i, Xn.yn^ {^A}- Then 

Lx,y{z) = [x,y]Lx^y{ze), (9) 



Proof. By Lemma 13 [x,y,2;] = for any x,y,z € Qn-i- Thus ^ follows from Lemma 31 

If a; e ±{l,e}, then L^^e - Lxe,e - id. Otherwise, 



Lx,e{z) = [e,x,z]z 

and 



\ z, if z € ±{1, x, e, xe}, 
I -z otherwise, 



LxeA^) = [e,xe,z]z 



z, if z e ±{1, X, e, xe}, 
-z otherwise, 

thus Lx^e ~ ^xe,e' 1—1 

Lemma 33. Let Qn he a Cayley-Dickson loop, n > 4. Then an inner mapping on Qn 

xeQ,,_2/{l,-l} 

can be written as the following permutation 

n (^.-^)- 

^e(Q„/{l,-l})\(Q„-i/{l,-l}) 

Proof Let x e Q„_2/{1,-1}. By (§, 

Lx,i„-i{z) - [in-lj X, z]z. 

If z € {x,in-i) = ±{l,x,i„_i,xin-i}, then [in~i,x,z] = 1. If z e Qn-i\ ± {l,x,in-i,xin-i}, then 
[in-i,x,z] - -1 by Lemmas [T] and [3j If z e {e,xe,in-ie,xin^ie}, then 

{in-i,x,z) = {l,x,in-i,xin-i,e,xe,in-ie,xin-ie} = Oie 

and [in-i,x,z] = -1 by Lemmas [7] and |3j If z e Qn-ie\{e, xe, in-ic, xin-ie} , then [in-i,x,z] = 1 by 
Lemma 30 Summarizing, we have 



Lx,iri-l{z) 

Next, consider a mapping 



z, when z€±{l,x, in~i,xin-i} u {Qn^ie\{e, xe, in-ie, xin-ie}), 
-z, otherwise. 



xeQ„_2/{l,-l} 

If z e ±{l,in-i}, then clearly h(z) - z. If z € (5n-2\±{l}; then Lx^i^_^{z) - -z for all x t ±z, there is 
an even number (in fact, 2""^-2) of such mappings, and therefore h{z) - z. If z e Qn-2in-i\^{in-i} , 
then z - yin-i for some y e Qn-2, and Lx^i^_^ (z) - -z for all x t ±y, there is 2""^ - 2 such mappings, 
and therefore h{z) - z. We get h{z) - z for z € Qn-i. Consider z e Qn-ie. If z e ±{e,in~ie}, 
then Lx^i„_^{z) - -z for all x t 1, there is 2""^ - 1 such mappings, and thus h{z) - -z. Finally, if 
z e Qn-ie\{e,in-ie}, then either z - ye, ov z - yin-ie for some y e Qn-2, and Lx,i„_^{z) - -z only 
when X - ±y, again, h(z) - -z. We get h(z) - -z for z e Qn-ie. □ 
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Theorem 34. Let Qn he a Cayley-Dickson loop. Then Inni(Qn) is an elementary ahelian 2-group 

Qn-1_-| 

oj order 2 



Proof. Let x e Q„_i/{1,-1}, xtl. Then by Lemma 14 



Lx,eLir,-i,e = {x,-x){in-i,-in-i){xe,-xe){in^ie,-in~ie). 
For every / e Inni(Qn), there is f - Lx^eLi„_^^ef ^ Inni(Qn) such that 



-/(z), when z € {x,in-i,xe,in-ie}, 
f{z), otherwise. 



f{z) 

There are 2""^ - 2 distinct inner mappings Lx,eLi^_^,e, x e (5n-i/{l, -1}, x ^ 1, they generate a 
group of order 2^ Let 

yeQn-2/{l-l} ^e(Q„/{l,-l})\(Q„-i/{l-l}) 



be the mapping constructed in Lemma 33, For every / e Inni{Qn), a mapping f - hf satisfies 



f{z), whenzeQn-i, 
-f{z), otherwise. 



The group 

G = {Lx,eLi„-ue: /l I 1 * X e (5n-l/{l, "1}) 

therefore has order 2^ and is a subgroup of Inni{Qn). 

To show that Inni{Qn) - G, recah that Lx^y{z) - [x, y]Lx^y{ze) for x, y e Qn-i, by Q. The value of 
Lx,y{ze) is therefore uniquely determined by that of Lx^y{z), moreover, Lx^y{l) - 1, thus Inni(Qn) 

\Qn- 1 1 _-| on- 1 _i 

has order at most 2 2=2. □ 



5 Left and Right Multiplication Groups 

Let Qn be a Cayley-Dickson loop. A group Mlti{Qn) is a proper subgroup of Mlt{Qn) by Theo- 
rems [16] and [34j 

Mlti{Qn)i = InniiQrr) < Inn{Qn) = M/t(Q„)i. 



We showed in Corollary 27 that Mlti{Qn) = Mltr{Qn)- The following theorem establishes the 
structure of Mlti{Qn). 

Theorem 35. Let Qn be a Cayley-Dickson loop, n>2. Then Mlti{Qn) = (Lnni(Qn)>^Z(Qn))>^K , 



where K is the group constructed in Lemma 23, In particular, Mlti{Qn) S ((Z2)^ ^ XZ2) xi 



Proof. Since Z{Qn) < Mlti{Qn), let N = {Inni(Qn), Z{Qn)) = Inni{Qn)Z{Qn). A group Inni(Qn) 
stabilizes 1, therefore Inni{Qn) n Z{Qn) - 1. The index [A^ : /nn;((5n)] = 2, therefore Inni{Qn) ^ 
A, and ^(Qn) < Mlti{Qn) implies < A. It follows that A^ = Inni(Qn) x Z{Qn). Let 



G = Mlti{Qn) and AT be the group constructed in Lemma 23 We want to show that G = N » K . 
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1. Let a & N, g e G. There exist x e Qn,l3 e Inni{Qn) such that g - PL^- Consider gag ^ acting 
on 1, 

gag-\l) = pLMPL.,)-\l) ^ ^L^aL-;} P~\l) 

1 

= /3L^aL-i(l) = ±/3(l) = ±l. 
±1 

This shows that gag~^ e Inni(Qn) u {-Inni{Qn)) - N, so N is normal in G. 
Recall a mapping h constructed in Lemma [331 



ze(Q„/{l,-l})\(Q„-i/{l,-l}) 



Note that by Lemma 14 we have 



TxTxeTe — |~[ (z, z) — Lx,ei 

l,e,x, xei'zeQn/ {1,-1} 

which allows to rewrite the construction in Lemma [23] as follows 

Sl,2 = {1,«2}, S2,2 = {l,«li2}, 

Sk,n = {a^,«na;| X e Sfc„_i}, A; e {1, . . . , n - 1}, 

in n I 

ni7i^'j-^{o,i},^p,6 2z , 

(n n I 

n^f 6{o,i},EPi^2z , 

^■esfc,n-i a;e{l,...,2"-2_i} 

= ( n Lx,e)Lik, A;e {l,...,n-l}, 

= ( n (2^'-^))^ife 

= ( n n (2;e,-xe))Li^. 

= ( n (x,-x)(xe,-xe))( ]"[ 

= ( n Lx,e)hLi^, 

X^Sn-l^ri — l 

K = Kn ^ {gi,n,g2,n, ■ ■ ■ ,gn,n) ■ 
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Thus K < MltiiQn). 

2. By Q, Q, K contains a unique element g such that g{l) e {1,-1}. Since is a group, 
g = id, thus N n K - id. 

3. We estabUshed that N < G, K < G, and N n K ^ id, therefore N >^K <G. Recall that 

[MltiiQn) ■■ InniiQn)] = |Q„| , thus 
[Mlti{Qn)--{Inni{Qn)xZ{Qn))] = [M/t;(Qn) : /nn^Qn)] /2 = 2" = |i^| , 

and {Inni(Qn) x Z(Q„)) x) K ^ Mlti{Qn) follows. □ 

Acknowledgement The author thanks Petr Vojtechovsky for many productive discussions and 
for suggesting better proofs for Lemmas 12 , ITj and Theorem [TG} 
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